Abstract-For wireless communication systems in high mobility environments, the usual assumption of perfect channel state information at the receiver is not very realistic. In the presence of channel estimation errors, the conventional PSK or QAM constellations, which are designed based on maximizing the minimum Euclidean distance between constellation points, are no longer optimal. Multi-carrier systems, which are the main focus of this work, are no exception to this fact. In this work, we first characterize the estimation variance of a pilot-based channel estimator for multi-carrier systems. Then, based on a previously derived KL-based criterion, we design new constellations for the ITU Vehicular A channel at different SNR regions. The proposed constellations show significant performance improvement over the conventional QAM constellations. We show that the error floor due to the residual channel taps can be reduced by as much as one order of magnitude, if the proposed constellations are used in a multi-carrier system.
I. INTRODUCTION
In wireless communication systems, channel state information (CSI) at the receiver is obtained through transmission of a number of known pilot or training symbols, and using an estimation algorithm at the receiver to estimate the unknown channel based on the knowledge of the transmitted symbols. The estimation variance depends on the noise variance, number of the channel components to be estimated, and number of the pilot or training symbols (number of independent measurements). However, in general, the more the number of channel measurements, the lower the estimation variance will be. For a slowly fading channel where the fading coefficients remain approximately constant for many symbol intervals, the transmitter can send a large number of training or pilot symbols per channel realization without a significant loss in the data rate, and allow the receiver to accurately estimate the fading coefficients. In this case, one can safely use a perfect CSI assumption to design optimal codes and constellations. In fast fading channels, however, this approach (sending a large number of training or pilot symbols) is either infeasible (due to the fast variations of the channel), or results in a significant loss in the actual data rate (due to the fraction of the time spent on training). As a result, in high mobility environments, the number of measurements per channel realization is relatively small and the estimation quality is affected by one or both of the following effects:
a) The number of measurements per channel component is very small, resulting in a larger estimation variance due to the additive noise b) Some of the channel components are not estimated at all (e.g., the paths with small energy in a multipath environment). These components appear as additive terms in the estimation variance, which do not vanish at high SNR and result in an error floor in the performance curves.
In the presence of channel estimation errors due to the above effects, the code and constellations that are designed for the case of perfect CSI are no longer optimal. The capacity of the fading channels with imperfect channel state information at the receiver have been studied in [1] , [2] . In [1] , for a given channel measurement variance, upper and lower bounds have been derived for the mutual information between the transmitted and received signals. These two bounds correspond to the two extreme cases when the estimation error is either completely constructive or completely destructive. In [2] , as a rule of thumb, it has been suggested that in order to avoid degradation, the estimation error should be negligible compared to the reciprocal of the SNR. In [3] , a constellation design criterion has been proposed for the case of imperfect channel state information at the receiver, where it is assumed that the channel is flat fading and the estimation error is Gaussian with zero mean and a known variance. The Multi-Carrier Code-Division Multiple Access (MC-CDMA) technology [4] , [5] has been proposed to combat the multipath effect and to use frequency selectivity of the channel as a means of diversity (frequency diversity). By dividing the total users into smaller blocks of few users in each, the MC-CDMA system of [5] also permits the use of short spreading sequences and Maximum Likelihood (ML) detection inside each block with a reasonable computational complexity. Different channel estimation and signal detection techniques for Orthogonal Frequency-Division Multiplexing (OFDM) and MC-CDMA systems have been studied in [4] - [10] .
0-
In this work, we will use the design criterion of [3] to design new constellations for the multi-carrier system. Even though the channels that we consider in this work are not flat, because of the multi-carrier approach, the channel seen in each frequency bin can be approximately considered as a flat fading channel. Also, the fading process and the additive noise are both assumed to be Gaussian. As we will see, this results in a Gaussian distribution for the estimation error, and hence, the results of [3] can be used for the system under consideration. For the multi-carrier system, we will use the system model and channel estimation and signal detection algorithms of [9] and [10] .
The rest of this paper is organized as follows. In Section II, we derive expressions for the channel estimation variance in different cases of with and without up/down sampling. In Section III, we review the design criterion of [3] for partially coherent constellations and describe the imposed structure on the constellations. In Section IV, we design partially coherent constellations for several important cases, and through simulation, show that the proposed constellations can result in a substantial performance improvement over the conventional QAM constellations. Finally in Section V, we draw some conclusions.
II. CHARACTERIZING THE ESTIMATION ERROR FOR MULTI-CARRIER SYSTEMS
We consider a multicarrier system (with system model of [9] and [10] ) with N subcarriers in a multipath channel with L taps. We denote the channel impulse and frequency responses by h L×1 and H N ×1 , respectively. We assume that N p equally spaced pilots are inserted in the OFDM symbol in the frequency domain and are used to estimate N t (≤ N p ) taps of the channel. Channel estimation is performed by first estimating the channel impulse response based on the observations at pilot positions in the frequency domain, and then taking a Fourier transform to obtain the channel frequency response. Even though ideally N t = L, in practice N t can be smaller than L, e.g., when N p < L, or at low SNR, where estimating a smaller number of channel taps results in a smaller estimation variance. Therefore, we define N t × 1 and (L − N t ) × 1 vectors of h t and h r to correspond to the estimated and unestimated taps of the channel. We also denote the first L columns of the N × N FFT matrix by W N ×L , and define W t and W r as submatrices of W obtained by selecting only the columns corresponding to the estimated and unestimated taps, respectively.
With the above notations, the channel frequency response is given by
Assuming that pilot symbols are real valued and have unit power (i.e., are ones), we will have
where X and n denote the received signal and noise vectors in the frequency domain, respectively, and we have used the subscript p to refer to vectors and matrices comprising only the rows corresponding to the pilot subcarriers.
Depending on the amount of its knowledge about the statistics of the channel and noise, the receiver can use different algorithms to estimate the channel impulse response. If the statistics of both channel and noise are known at the receiver, it can use a Minimum Mean Squared Error (MMSE), or Linear MMSE (LMMSE) estimator. If only statistics of the noise are known at the receiver, and N t = L, it can use a Maximum Likelihood (ML) estimator, and if the statistics of the channel and noise are not known at the receiver, it can use a Least Squares (LS) estimator. Here, we assume that the statistics of the channel are not known at the receiver. With this assumption, even if the statistics of the noise are known, in general the receiver cannot use an ML estimator (unless N t = L). Therefore, in the following we will assume that the receiver uses an LS estimator to estimate the unknown channel, as given by the following equation:
Applying the Fourier transform to (3) we obtain the estimated channel frequency response as
where Now, using (1) and the fact that AW pt = W t , we obtain the following expression for the estimation error
From this expression, the average estimation variance at each frequency bin will be given by
where we have assumed that elements of h r are uncorrelated, and
Extension of the results of this paper to the case when channel taps are correlated is straightforward. As we see in (7), the estimation variance consists of contributions from the unestimated taps, as well as the additive noise.
In the next section, we will use (7) to design partially coherent constellations for the multi-carrier system.
III. THE DESIGN CRITERION
In the rest of this paper, we use the design criterion of [3] and the expression for the estimation variance from the previous section to design partially coherent constellations for multi-carrier systems. Denoting by S i , X i , H i , and H i , the transmitted signal, received signal, channel estimate, and the estimation error, respectively, at the ith frequency bin, we will have the following expression for the conditional probability distribution of the received signal [3] :
The maximum likelihood (ML) detector will maximize this expression over all of the possible values for S i to find the transmitted symbol:
where C is the signal constellation.
The design criterion of [3] is derived using the Kullback-Leibler (KL) distance [11] between the conditional distributions as the performance criterion. The expected KL distance between constellation points is given by the following expression [3] :
where c i and c j are two different constellation points. The constellation design criterion is then given as
where M is the total number of constellation points (log 2 M is the spectral efficiency in b/s/Hz), and P av is the average power of the constellation. Even though this design criterion is for the case when the estimation error is independent from the channel estimates (which is not the case here), as we will see, one can still obtain significant performance gains using this design criterion for the system under consideration. We expect that, if one uses the information about the correlation between channel estimates and estimation error to derive a new design criterion, even larger performance gains will be achievable. We have also neglected the correlation between the estimation errors on different frequency bins. This is because we will either make independent decisions on the data on different frequency bins (i.e., pure OFDM system), or we will use frequency interleaving to sufficiently separate the chips involved in each symbol (in MC-CDMA system) to make the correlation between the corresponding channel values (and hence the estimation errors) as small as possible.
We use a multilevel circular structure for the constellations as suggested in [3] . However, in order to obtain even better distance properties, we allow for the rotations of the constituent subsets of the constellations. We find the optimum values for the angular offsets between the adjacent subsets based on the number of constellation points in those subsets (i.e., by maximizing the minimum angular distance between the two subsets). For example, if two adjacent subsets have 3 and 4 points, respectively, the optimum relative angular offset between these two subsets will be 15 o .
IV. PARTIALLY COHERENT CONSTELLATIONS FOR THE MULTI-CARRIER SYSTEM
In this section, we design constellations for multicarrier system in the ITU Vehicular A channel at a sampling rate of 4 system with 128 sub-carriers, and 8 pilots in each OFDM symbol, when the first 7 taps of the Vehicular A channel are estimated. The estimation variances at different SNR values obtained from (7) are given in Table I . The optimum number of the estimated taps in this case is, in fact, 7 for the whole considered range of SNR.
Next, we design partially coherent constellations based on these values for the estimation error and SNR. The resulting constellations are shown in Figure 1 . As we see, as SNR increases, the outer levels become farther apart. This is because the degrading effect of the estimation variance becomes more significant at high SNR values, and for a fixed value of estimation variance, the constellation which is designed for a higher SNR is closer to a non-coherent constellation [12] than the one designed for a lower SNR. For comparison, the minimum KL distances between the constellation points of the conventional 16QAM constellation and the new constellations are also shown in Table I .
We use the constellations of Figure 1 Forcing channel cancellation followed by a Matched Filter [10] detector. The results of our simulation for raw symbol error rate of this system are shown in Figure  2 , where the performance is compared to the system using the conventional 16QAM constellation. In order to demonstrate the effect of number of estimated taps in the performance, we have also included the curve for a system with 16QAM constellation and 6 estimated taps. As we see, by estimating the right number of channel taps (as suggested by minimizing the expression (7) over N t ), and using the partially coherent constellations designed for the corresponding estimation variances, one can reduce the error floor by more than one order of magnitude.
Since using different constellations at different values of SNR might not be very practical, in Figure 2 we have also included the symbol error rate curves obtained by choosing the constellations designed for 15dB and 20dB, and using them in the whole range of SNR. As expected, the new constellation designed for 15dB (labelled as "New (15dB)"), has a performance very close to the optimal curve at low SNR values, but diverges from that curve at high SNR, whereas the constellation designed for 20dB (labelled as "New (20dB)"), shows close to optimal performance at high SNR and a slightly degraded performance at low SNR. Therefore, depending on the practical range of SNR for the real system, one can choose a single constellation which gives close to optimal performance in that range.
V. CONCLUSIONS
We considered a multi-carrier system with pilot-based channel estimation, and derived an expression for the estimation variance. Using this expression and a previously derived design criterion for partially coherent constellations, we designed new constellations for the multicarrier system and showed that they can achieve significant performance improvements over the conventional QAM constellations. The performance improvement is especially more significant in fast fading channels with large delay spreads, when the number of measurements per channel realization is less than the number of channel parameters. We showed, through simulations, that the error floors due to the residual channel taps can be reduced by as much as one order of magnitude, if the proposed constellations are used in the multi-carrier system.
